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Accordingly, without any simulation and only based on asymptotic theory, the bias of mean

transition rate which is among the basic parameters of the multi-state models was studied
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frailty ' for different number of follow-ups as well as censoring time, the mean transition rate and its

variance were underestimated. In addition, if there is a lot of heterogeneity in reality and if the
individual homogeneous multi-state model is fitted, a significant bias will exist in the estimated
mean transition rate and its variance. The results of this study also showed that the intensity of bias
increases with an increase in the degree of heterogeneity. But with an increase in the number of
follow-ups, the intensity of bias decreases, to some extent
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Conclusion: Disregarding individual homogeneity assumption in a heterogeneous population causes
bias in the estimation of multi-state model parameters and with an increase in the degree of
heterogeneity, the intensity of bias will increase too

Introduction discrete set of states. Complex models such as
multi-state models are applied to better
Studying chronic diseases such as cancers understand the natural disease process and to
involve use of models which provide more increase survival rate (1, 2). Achieving this
accurate measurement of disease process and purpose, however, requires making assumptions
provide detailed information for researchers. such as Markov, time homogeneity, and
Various models have been developed among Individual homogeneity (3-5). Based on Markov
which one of the most common ones is the assumption, forecasting the future of the process
multi-state model. In general, a multi-state is only dependent on the current state of the
model is a suitable model to describe the process, and there is no need to the history of the
stochastic process in which patients are process up to the considered time. Moreover,
transitioned in a continuous-time scale among a time homogeneity assumption allows the
transition rates between states in a multi-state
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complex approach, which is why there have
been few studies on this assumption (1, 4).
Unfortunately, in most of these studies,
researchers have fitted multi-state models with
an individual homogeneity assumption, but they
have made no attempt to assess this assumption
(1, 5-11). Considering individual homogeneity
assumption can make a multi-state model
simpler but if this assumption is not made, it will
lead to an improper fitting of the model and
incorrect inferences. There are various sources
which cause this assumption not to be made in a
multi-state model. These sources are known as
“sources of heterogeneity.” One of these sources
of heterogeneity in statistics is failing to
consider many of patients’ features in the study
which is statistically interpreted as “individual
frailty” (12, 13). In general, limitations such as
lack of measurement, being unobservable
(hidden), cost of data collection, and patients’
features cause some of the patients’ variables not
to be considered (12, 14-17). It will be
somewhat optimistic to assume that the model is
homogeneous when some variables of patients
under study have not been considered. The lack
of homogeneity vis-a-vis many individual
characteristics of patients underestimate or
overestimate the actual value of multi-state
model parameters (transition rates between the
states of the model).

Considering individual homogeneity
assumption in multi-state models refers to the
adequacy of existing data on patients or subjects
in the study to explain the differences made in
transition rates between the states of the model
and the change-time of states.

For better understanding, suppose in a multi-
state model, there are only two states of “being
healthy” and “relapse” and there are also two
variables of “age” and “smoking.” Based on an
individual homogeneous multi-state model, the
event rate of relapse for two patients, a smoker
and one who is “33-year-old” is the same,
whereas the event time of relapse is different in
these patients. In fact, this mismatch is because
of assuming the model to be homogeneous in
relation with some features of patients which
have not been considered. Thus, relapse time
changes cannot be justified by taking only two

variables of “age” and “smoking” into
consideration, and more data on patients are
needed. The reason behind such changes can be
explored using individual frailty as some
patients (due to some different characteristics
from others) are frailer than others. Thus, a
random factor is needed in the model to justify
these changes or this heterogeneity.

The most common way to enter this random
factor in a multi-state model is modeling the
effect of disregarded variables with a frailty
factor. Adding the frailty factor to the multi-state
model, each patient will have his own unique
characteristic which is often considered as
individual frailty factor.

In general, adding frailty factor will cause
multi-state model and estimation of parameters
to be complicated. For this reason, few studies
have used multi-state models with frailty factor.
Cook et al., in this vein, have suggested fitting
such a model using log-normal distribution for
random effects. In their study, a separate random
item with a log-normal distribution for every
transition rate has been considered (18, 19).
Satten has also presented simpler forms to assess
individual homogeneity assumption in multi-
state models (20). Based on their model, a
random item in every transition rate is
considered to be same. The complexity of multi-
state models due to adding frailty factor has
caused some researchers to use methods such as
mover-stayer models to solve this problem
(21, 22). In mover-stayer model, in each
transition, two sub-population are considered in
which patients either move into another state or
stay in the same state. Most studies carried out
in this area, of course, are limited to the
assessing methods of individual homogeneity
assumption or fitting individual heterogeneous
models (1, 3, 23-26). Fitting multi-state models
with frailty factor not only provides a method
for assessing homogeneity assumption based on
likelihood ratio test, but also makes it possible
(in case this assumption has not been made) to
fit a proper model to data when the model is
robust in relation with individual homogeneity
assumption (27). However, a theoretical study
examining the absence of individual
homogeneity assumption has always been missed
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out to introduce researchers with an explicit
policy on multi-state models. Therefore, this
study, without any simulation and only based on
asymptotic theory, has been designed to
investigate the effect of the absence of individual
homogeneity assumption in multistate models.

M ethods

In this section, the effect of individual

homogeneity assumption misspecification will
be discussed without any simulation and only
based on asymptotic theory. For better
understanding, the simplest multi-state model
schematically shown in figure 1 is considered.
This model is the basis of other more complex

multi-state models; therefore, the results
obtained from this model are easily
generalizable to other models.

Stater —»  StateS

Figure 1. Two-state model transition from state r to
state s with a transition rate of A

In order to examine the effect of the absence
of individual homogeneity assumption, we
generalize the mechanism established by Satten,
known as tracking model (20). The reason this
method is used is that the likelihood function is
analytically solvable. It should be noted that
because this study only focuses on the individual
homogeneity assumption, it is basically assumed
that Markov and time homogeneity assumptions
are made. Suppose two states of r and s are
available and patients with a transition rate.,of
according to figure 1 are transitioned from state
r to state s (Figure 1).

These two states can be presented to all
common forms for Markov multi-state models
and at a broader level for hidden Markov multi-
state models (when states contain classification
error). Therefore, the results of this transition
can be generalized for progressive models and
illness-death models which are among the most
common models in this area. Now, suppose all
patients at time 0 are in state r, some of them are
transitioned to state s, and some are censored in
state r. The state s can be an absorbing state like
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death or can be a transient state like relapse or
disability. Moreover, suppose that in the
transition, a patient is followed m times at

regular time intervals oﬁ—] Thus, as shown in

figure 2, under an individual homogeneous
model with a constant transition rate Xofit is
possible to transition at any interval from state r
to state s (Figure 2).

0 —

Figure 2. The mechanism of sampling times for
transition from state r to state s

Satten (20) showed that the overall likelihood
function for a patient under tracking model
according to figure 2 is as follows:

1)
(i-1 t .
_ E— A+ log<1 — exp (—AE)) i=1,..,m
t
—A— i=m+1
m
1)
in which i = 1,..., m is for transition from

state r to state s at specified intervals and i = m
+ 1 is for censoring at time t. In addition, the

expected likelihood function for one patient in

the study can be considered in the following

formula:

m+1

A
B(100) = —= > (- p,
i=1

R CIEENEE)
)

pi in the above equation represents the
probability of transition from state r to state s,
and p.+1 represents censoring probability in
state r at time t, so tha®{'p; = 1. When the
process sojourn time in state r will have a
distribution with a probability density function
of f(t), this transition probability can be
represented based on this distribution as
follows:
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As this study focuses only on the individual
homogeneity assumption, Markov assumption is
required to be made. Therefore, as in theory,
Markov assumption is only made when in
transition from state r to state s, the sojourn time
at state r must have exponential distribution; we
considered f(t) as an exponential distribution and
according to this distribution, transition
probability from state r to state s is converted to
the following equation:

( G(i—Dt ty
4exp<?\ - )—exp(—?\a) i=1,..,m

Pi

kl_zpk i=m+1
k=1

(4)
Now, if A is the maximum likelihood

estimation forh (transition rate from state r to
state s), differentiating equation (2) and solving

equation %=0, and assuming that
A=YI7G—Dp; and B=31;p, the

estimation of mean transition rate from state r to
state s will have convergence in probability as
follows:

~Pm A+B

Thus, based on an individual homogeneous
model, the mean transition rate is convergent to
the value obtained in equation (5). To examine
the effect of individual homogeneity assumption
misspecification, it is necessary to model
equation (4) with frailty model. Suppose the
transition rate for thé"jpatient in the study is a
function of z (individual frailty factor for ik
patient), these; = are a random sample from a
distribution with probability density function of
®(2). In this case, we will be faced with a
heterogeneous population where each patient

will have his own transition rate. Adding frailty
factor to equation (4), the transition probability
from state r to state s is modeled as follows:

bi = . .
[ (exp (—2(2) =) - exp(-A(2) ). 9 (2). dz
(6)

Here, &(z) is a probability density function
for frailty factor in the model, anki(z) is also a
function of z Regarding ¢(z) distribution,
different functions can be selected fde). For
example, whenZ ~ N(0,c?), the function is
considered asA(z) = Aexp(z). But because
E(exp(z)) = exp (%2) # 1,Va? > 0, it will be
problematic and difficult to examine the effect
of individual homogeneity  assumption
misspecification  considering a  normal
distribution for frailty factor. For this reason, in
this study, gamma distribution with a mean
value of 1 and varianceé was used as follows
for the frailty factor and according to this
distribution A(z) function was considered as
Mz) =A.z..

1
20 Vexp(-g)

1
Iz10?

o(z) = E(z) =1 Var(z) = 6

Large values 06 in this distribution indicate
high degrees of individual heterogeneity. The
integral of equation (6) for frailty factor with
gamma distribution as well as using Laplace
transform for different values of m, t, artd
(which are the number of patients’ follow-ups in
the transition from state r to state s, censoring
time in state r, and the degree of heterogeneity,
respectively) will have analytical solutions. For
example, regarding m = 1 and based on (4) and
(5) equations, it can easily be shown that the
mean transition rate is convergent to the
following formula in probability (Appendix A):

~P 1
A— —;log(pz)

Taking Laplace transform into consideration

1
for gamma distribution ad(s) = (1 + 6s) e,
the mean transition rate for m = 1 will converge
to the following formula in probability
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(Appendix A):
~P 1 -1
A—-— ?log<(1 + OAt) 6)

Therefore, based on asymptotic theory and
convergence in probability, the mean transition
rate from state r to state s will be a decreasing
function of 0; and with an increase & which
indicates higher degrees of individual
heterogeneity, the mean transition rate will be
underestimated.

To better understand, the relative bias can be
defined as follows:

Relative bias =7‘;}\7‘

In this equation} is the mean transition rate
parameter from state r to state s, ands its
maximum likelihood estimation based on an
individual homogeneous model.

In addition to analyze the bias of mean
transition rate, it is also necessary to analyze the
bias of mean transition rate variance in the
misspecification of individual homogeneity
assumption. For this purpose, using likelihood
function of tracking model and results of some
studies in this area including Cox and White
studies, the approximate bias of mean transition
rate variance was analyzed (28-32). According
to studies conducted on asymptotic maximum
likelihood estimations under misspecified
model, (the absence of making individual
homogeneity assumption in multi-state models),
the asymptotic variance estimation of mean
transition rate in an individual homogeneous
multi-state model will be shown as follows:

var(A) =
(7

U, 1), and E(IA) will, respectively,
represent score, observed, and expected Fisher
information. Based on the likelihood function of
(1) and (2) equations, the observed and expected
Fisher information will be as follows:

2 t

1) = — ) g (1) =

mz(l—exp(—xa))

CZip)- I

74

Fisher's score will also be illustrated as
follows:

t
I =~ G- 1+ texp(_xﬁ)t ,
" m (1 -exp (-A5))
i<m+1

So to calculate the asymptotic variance of
mean transition rateg(U(A)?) will be needed.
But the main point is that Fisher score is not a
function of frailty factor. But expected Fisher
information is related to frailty factor and degree
of heterogeneity via jpand equation (6) as
follows:

E(100) = 109 Z2(f (exp (20 452) -

exp(—A(z) ). ¢(2)dz) (8)

Therefore, the approximate bias of mean
transition rate variance can be analyzed using
expected Fisher information. According to
Appendix B, the asymptotic variance of
correctly specified model (when individual
homogeneity assumption in multi-state models

is made) is also calculated ¥ar (A) = - (Itm.

Thus, the relative bias for variance of mean
transition rate in an individual homogeneity

multi-state model will bé’%. Var()) is

variance of mean transition rate in a correctly
specified model (when individual homogeneity
assumption is made), aridr(A) is variance
estimation of mean transition rate in a
misspecified model (when individual
homogeneity assumption is not made).

Results

In this study, results of individual homogeneity
assumption misspecification effect, i.e. when this
assumption is not made, based on different values
of m, t, andd (which are the number of patients’
follow-ups in the transition from state r to state s,
censoring time in state r, and the degree of
heterogeneity, respectively) were obtained.

Figure 3 (right figure) illustrates relative bias
values of a multi-state model with individual
homogeneity assumption versus different values
of censoring time for different values of m and
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constant values df = 10 andx = 0.2. Figure 3
(left figure) also shows relative bias values
versus different degrees of heterogeneity for a
constant value of £ 10 and different values of
m. The results of individual homogeneity
assumption misspecification effect in figure 3
indicate that generally, for any value of t
(censoring time in r state) and m (number of
patients’ follow-ups in the transition from r state
to s state)), mean transition rate is
underestimated These results also show that
with an increase in heterogeneity degree Q),
the relative bias value decreas@scording to
relative bias sign, it is evident that the mean
transition rate is underestimated when
heterogeneity degree increases. The interesting
point about figure 3 is that with an increase in
the number of patients’ follow-ups (m > 1), the
intensity of bias decreases somewhat

The analysis of approximate bias of mean
transition rate variance is also very similar to the
bias of mean transition rat&kesults of mean
transition rate variance bias in figure 4 for
constant values of t = 1@,= 0.2, and different
values of m and 6 revealed that when
heterogeneity degree increases, variance of
mean transition rate is underestimat&imilar
to mean transition rate bias, with an increase in
the number of patients’ follow-ups, the intensity

Relative bias
Relative bias

— m=1
-—-m=3
....... m=5
—=m=10

theta

of bias decreases. But the variance of mean
transition rate is still biased.

Discussion

Making an assumption on statistical models (such
as multi-state models) is among limitations
researchers may encountéviulti-state models
will help researchers better understand the natural
disease process and will provide researchers with
more accurate information whereas these models
are greatly affected by assumptions such as
Markov, time homogeneity, and individual
homogeneity (3, 4). These assumptions can
simplify the multi-state model, but in case they
are not made, they will result in improper fitting
of model hence incorrect inferencégeanwhile,

the complexity of methods analyzing individual
homogeneity assumption has caused researchers
to come up with two approache3he first
approach is to disregard this assumption and to fit
an individual homogeneous multi-state model to
the datalt should be noted that most studies on
multi-state models are included in this approach

(1, 4,5, 33,34)
On the other hand, in the second approach,
researchers, taking individual homogeneity

assumption into consideration, try to fit an
individual heterogeneous multi-state model to
the data (18-20, 22, 35-37).

Figure 3. Asymptotic estimation of mean transition rate with gamma frailty when individual homogeneity assumption

has been made for different values of m, t, and 6
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Relative bias

— m=1
——-m=3
- m=5
—= m=10

theta

Figure 4. Asymptotic estimation of mean transition
rate variance with gamma frailty when individual
homogeneity assumption has been made for different
values of m and 6, and the constant value of t = 10.

This model is obtained by combining a multi-
state model with frailty factor and, obviously, it
is robust toward individual homogeneity
assumption and it is only because of the good
flexibility, it shows to data that biostatisticians
pay heed to it. As fitting an individual
homogeneous model to data is optimistic, fitting
an individual heterogeneous multi-state model is
quite perplexing as well because researchers will
face a homogeneous population assumption in
the first approach and a heterogeneous
population assumption in the second. Therefore,
researchers in this study, without the
complexities and limitations of simulation, tried
to investigate the resulting bias in estimations of
an individual homogeneous multi-state model
when data were obtained from a heterogeneous
population, using asymptotic theory. As one of
the key parameters of multi-state models is mean
transition rate, this study has focused on mean
transition rate to investigate bias in different
conditions. Results of this study showed that for
different values of the number of patients’
follow-ups and censoring time, the mean
transition rate has always been underestimated.
In addition, when heterogeneity increases, the
effect of individual homogeneity assumption
misspecification increases too. In other words, if
there is great heterogeneity in reality and if the
individual homogeneous multi-state model is
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fitted, a large bias will exist in the estimation of
mean transition rate. According to figure 3, it is
also evident that bias intensity increases with an
increase in the degree of heterogeneity. But by
increasing the number of patients’ follow-ups,
bias intensity will decrease to some extent.
Furthermore, analyzing the bias of mean
transition rate variance revealed that with an
increase in the number of patients’ follow-ups,
bias intensity will partly decrease. But with an
increase in heterogeneity degree, the variance of
mean transition rate is always underestimated.
The results of this study have been achieved by
regarding gamma distribution for frailty factor.
However, the comparison between studies
conducted based on heterogeneous multi-state
models with log-normal and inverse Gaussian
distributions for heterogeneity (individual frailty
factor) and studies based on individual
homogeneous multi-state models, also confirms
the negative bias in the estimation of mean

transition rates in individual homogeneity
assumption misspecification (18, 20, 35).
Therefore, regardless of  heterogeneity

distribution in a heterogeneous population, the
estimations of mean transition rate in an
individual homogeneous multi-state model are
biased and underestimated. The analysis of bias
resulted from  individual homogeneity
assumption  misspecification can provide
researchers with a clearer image in selecting a
model. In other words, it will be a caution to fit
individual homogeneous multi-state models, and
vice versa, an incentive for fitting individual
heterogeneous multi-state models.

Conclusion

Fitting an individual homogeneous multi-state
model to data from a heterogeneous population
will cause bias in estimation of multi-state
model parameters, hence incorrect inferences in
the population.
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Appendix

The application of asymptotic theory for the
analysis of maximum likelihood estimations
under misspecified model.

Appendix A: Asymptotic estimation

Supposei(d) is the likelihood function of a
misspecified model withh € A parameters (for
example, taking into account the individual
homogeneity assumption in a multi-state model
where the population is heterogeneous). Also
suppose the likelihood function of a correctly
specified model is 1) with y € ¢ parameters.
According to the asymptotic theory, there is a
value such asAy which is the answer to

2EAD) — ¢ equation and is convergent with it

in probability.
A5y
Accordingly, in this study using asymptotic

theory as well, there is a formula Ii%élog )

A
which is obtained frongE(aITO‘)) = 0 equation.

Therefore, mean transition rate from r state to
s state has convergence in probability as follows:

7\pml A+B
_)_
T log(——)

WhichA = ¥™*1(i — 1)p; andB = X2, p;
For different values of m, also using
mt+lp, = 1, it can be shown that equation (5) is

transformed into the following form:

m—(m-1)p;—(M—-2)py—"—Pm—1 )
m—(m)p;—(m—1)p,—(m-3)ps——Pm

1, equation (5) is

f\gm?log(
For the value of m =

simplified as follows:

~ m
in=
t

1
l —
og(pz)

Using Laplace transform for Gamma
distribution, the integral of equation (6) is
solvable for p. Thus, the mean transition rate to

-1
—%log ((1 + GAt)F) is convergent. Keeping
this same general trend, the equation (5) can be
calculated for m > 1 values using mathematical
calculations. Meanwhile, using Laplace transform

for Gamma function, integral (6) is also solvable
and is able to provide differentyalues.

Appendix B: Asymptotic variance

Mean and variance results of maximum
likelihood estimations under a misspecified
model can be followed in studies conducted by
Cox and White, and this study has used their
results as well (28, 29). Similar to Appendix A,
supposei(d) is the likelihood function of a
misspecified model witih € A parameters (for
example, taking into account the individual
homogeneity assumption in a multi-state model
where the population is heterogeneous). Also
suppose the likelihood function of a correctly

specified model ié (‘/I) with ¢ € |y parameters.
According to asymptotic theory, Afis maximum
likelihood estimation of. under a misspecified
model, its asymptotic covariance under a
misspecified model will be as follows:

> =k (1) VE (1))
T

in which Vy, = E(U(2,)UT(Ay)); andU andI
are, respectively, score and Fisher information
under misspecified likelihood function. Moreover,
if the model is correctly specified (model's
assumptions are made), it is shown that

E (T(?\)) =E (U(?\)UTO\)). As a result, the above
asymptotic covariance matrix becomes as follows:

Y =E(IMW)"
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