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Introduction

Introduction: A cure rate survival model was developed based on the assumption that the number of
competing reasons for the event of interest has the Geometric distribution and the time allocated to the
event of interest follows the Generalized Birnbaum-Saunders distribution.

Methods: The Geometric Generalized Birnbaum—Saunders distribution was defined and two useful
representations were represented for its density function which contributes to the creation of some
mathematical properties. Furthermore, the parameters of the model with cure rate were estimated by using
the maximum likelihood method.

Results: Several simulations were performed and a real data set was analyzed from the medical area for
different sample sizes and censoring percentages.In the melanoma data set and regarding the AIC and SBC
selection criteria, the Geometric Generalized Birnbaum—Saunders distribution model was preferred and was
selected as the appropriate model in the present study.

Conclusion: Geometric Generalized Birnbaum—Saunders distribution is a highly flexible lifetime model
which allows for different degrees of Kurtosis and asymmetry.by considering the advantages of the
Geometric Generalized Birnbaum—Saunders distribution model, the model can be implemented as an
appropriate alternative to explain or predict the survival time for long-term individuals.

distribution, which is applied in different fields
of study.? This kind of distribution which is

The model derived by Birnbaum and Saunders!
is regarded as an important lifetime model
beginning from a material fatigue problem.
The Birnbaum-Saunders (BS) distribution
is approximately related to the normal

*,Corresponding Author: m.meshkat@sbmu.ac.ir

positively skewed, and unimodal with non-
negative support includes two parameters.'
In addition, Generalized Birnbaum—Saunders
(GB-S) distribution is a highly flexible lifetime
model which allows for different degrees of

©00

Copyright © 2023 Tehran University of Medical Sciences. Published by Tehran University of Medical Sciences.
This work is licensed under a Creative Commons Attribution-NonCommercial 4.0 International license (https://creativecommons.org/licenses/by-nc/4.0/).
Noncommercial uses of the work are permitted, provided the original work is properly cited.




Baghestani AR et al.

Vol 9 No 1 (2023)

The Geometric Generalized Birnbaum—Saunders Model ...

Kurtosis and asymmetry while possessing
unimodal and bimodal distribution proposed by
Diaz-Garcia, Leiva and Owen.*® In addition,
GB-S distributions are able to produce models
whose parameter estimates are often non-
sensitive to outliers and robust to atypical
data.®!" The GB-S distribution is emphasized
due to its physical and theoretical arguments,
its relationship with the normal distribution and
other attractive properties.

In the case of t>0, the survival function,
cumulative distribution function and probability
density function of the GB-S distribution are
given by:%’

(Y (Y
Sep_s =P _; [EJ _(7j ’ (D

F GB-S
(2)
RO
)

Where ¢(.) represents the cumulative
distribution function for standard normal
distribution, and a > 0, f > 0 and 1 > 0
indicate shape, scale and location parameters,
respectively. The mean and variance of the
GB-S distribution are expressed as follows:

E(T)=BY3 A |24 2|(L+1,),
k=0 s=0 k s

where

“25-k-1 2s+k+1 2s+k+1 2 254k
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The models used for survival data or long-
term survival models play an important role in
survival analysis. Cure rate models include the
situations where there are sampling units which
are not sensitive to the occurrence of the event
of interest. The proportion of such units is
called "cured fractions." These models are very
popular due to the considerable development in
treatment therapies resulting in increasing cure
rates. In medical studies, the event of interest
may be related to the death of a patient due to
different competing risks or a tumor recurrence
because of metastasis-component tumor cells
left active after an initial treatment.

The mixture cure model (MCM) is regarded
as the most popular type of cure rate model
introduced by Boag (1949) in order to examine
those cases in which a proportion of cured
patients was available among the treatment
receivers for mouth cancer.”” In addition,
Berkson and Gage'"® developed the model three
years later and accordingly it was extensively
investigated by some other authors."*-'® Based
on MCM distribution, a specific number
of the patients (p0) are cured in such a way
that they cannot present the event of interest
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during a long period of time while they can be
observed to be immune to the cause of death
under study or cured. No literature, to the best
of our knowledge, is available for observing
a mixture GB-S (MGB-S) distribution with
survial function as follows:

Scp-s (t) =D +(1 —pO)SGB,S t>0,

4
where S, (1) is defined by (1) and p, represents
the cured fraction.

The Non-Mixture Cure Model (NMCM) is
considered as another kind of cure rate model,
which was first proposed by Yakovlev et al.'’
and was further discussed by Chen et al.,'
Yin et al.,"”” Cooner et al.,”® Rodriguesa et al.,”!
Castro et al.*? and Borges et al.” NMCM model
was motivated by the biological mechanism
and developed based on the assumption that the
number of cancer cells remaining active after
cancer treatment is consistent with the Poisson
distribution.'” '® There is a vast amount of
literature on distributions which accommodate
other different latent competing causes.
Cancho et al. introduced the Geometric
Birnbaum—Saunders regression model with cure
rate by utilizing a cutaneous melanoma data,
which could provide better fitting, compared
to the MB-S distribution.”* Hashimoto et al.
demonstrated the Poisson Birnbaum—Saunders
model with long-term survivors in breast
cancer data®® and Cordeiro et al. presented
Negative binomial Birnbaum—Saunders model
with long-term survivors in melanoma data.”
Recently, Meshkat et al. introduced the Poisson
generalized Birnbaum—Saunders regression
model in melanoma data, which could provide
better fitting, compared to B-S distributions?’
and Taketomi et al. reviewed some of this
models.?

Considering all the above-mentioned studies,
the present study aimed to propose the geometric
generalized Birnbaum—Saunders cure rate
model (GGB-S), as a new distribution family,
which considered a latent competing causes
scenario with cure fraction. In Cancer study
there are many risk factors that the exact cause
of the individual death or tumor recurrence, no
information is available. Among all of the risks,
the minimum lifetime value is observed and a
fraction of the population is not susceptible to
the event of interest.

This paper is organized as follows: in the
second section, the GGB-S model is formulated
by defining the density, cumulative distribution
and hazard rate functions of the Geometric
Generalized Birnbaum—Saunders (GGB-S)
distribution and some of its properties are also
studied. In the third section, the maximum-
likelihood estimation procedure and parameter
inference are elaborated. The fourth section
evaluates the performance of the parameter
estimates using Monte Carlo simulation. The
fifth section gives an application to a real
data set on melanoma cancer. Finally, some
conclusions are drawn.

Methods

Model formulation

Let M define the unobservable number of
causes (risk factors) of the event under study
for an individual in the population. We assume
that M follows a Geometric distribution with
parameter € and mass probability
P(M=m)=(1-0) o™ m=0,1,... . (5)

The time for the ;” causes to produce the
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event of interest is defined by Z ., j=1..M.
We assume that conditional on M, the Z/Y are
regarded as i.i.d. random variables having the
Generalized Birnbaum—Saunders cumulative
function given by equation (2). In addition,
we assume that Z , Z , ... are independent of
M. The observable time to event of interest is
defined by the random variable T =min (Z,, ...,
Z,), and T=co if M=0 with P(T=o0| M=0)=1.
Under this setup and based on the equation (5),
the survival function for the population is as
follows:

Spor (1) = P(T >1)= P(M =0)+ P(Z, > 1,....,Z,, >1]M 21)

:(1—9)+§[SG37S]"1P(M :m):

asfo 23] ) o]

(6)

The cure function is defined by p =S, ,, () =1-
0 and the corresponding density function is
given below:

Fror (1)=00-0) f (t)exp{l—e@[—;{[;]x—(f’ﬂ]}2,

where f., . (t) represents the probability
density function of the distribution given in (3).
Furthermore, the population hazard function is

as follows:

()00

The function #,,.(2) is multiplicative in 0
and f_, (1), including the proportional hazard
structure when the covariates are modeled
through 6. The functionsf, ,(z) in(7)and (1)
in (8) are regarded as improper functions since
S,op(1) 18 not a proper survival function.

The distribution in (6) is written as a mixture

distribution:"?

Spop (1) =(1-)+
-

)
Then, based on the Equation (4) and (9), the
survival function for the non-cured population
from the Geometric Generalized Birnbaum
Saunders (GGB-S) survival function is given

below: (l_a)d{—;ﬁg _(ij ,
(L)

Scas-s (t) = P(T >tM > 1) =

(10)
It is worth noting that S, . (0)=1 and S, .

(0)=0, in order to be considered as a proper
survival function. The density function of the
GGB-S distribution is given by:

(1-0) 20 (1% 4 ) exp (_ 2;2 K;]y +(/:2ju - 2D
s 35271

(11)

f(;asfs (t) =

Based on Equation (11), the parameter /S
controls the scale of the density distribution
while the parameters o, 4and 6 are responsible
for controlling its shape. As 6 approaches
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Figure 1. Probability density function of the GGB-S distribution. The parameters were fixed 6=0.0 0.1 0.3 0.6 0.8 0.9 and
a=0.2, p=5.0, 2=0.5 (a), 0=2.0, =5.0, 2= 0.5 (b), o= 0.2, f=5.0, A=3.0 (c¢), 0=2.0, p=5.0,2=0.7 (d).

zero, the G, distribution converges to a
G, (distribution. Figure 1 illustrates the G, ¢
density function plotted for the selected values
of the parameters. The G, . distribution is
used to model data in survival analysis.

Based on the equations (10) and (11), it is easy
to verify that the hazard rate function of the

non-cured population is reduced to:

el 6 )
w5 ol 2

(11)

hoas-s (t ) =

Numerical examples allow us to determine
that the hazard rate function (12) is either

increasing or unimodal (Figure 2).

The 7, moment?® of the GGB-S distribution is
as follows:

o= (7)< [ (-0)0(r(wf.4)

60 (v, (a,B.1))
(13)

dt,

Where,

A
|
Vt(a,ﬁ,i):_; Z - 7 s

and @(.) represents the standard normal
cumulative distribution function.

In equation (13) for 6=0, the moments are
corresponding to the respective moments
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Figure 2. Hazard function of the GGB-S distribution .The parameters were fixed
6=0.00.1 0.3 0.6 0.8 0.9 and 0=0.2, $=5.0, 2=0.5 (a), 0=2.0, f=5.0, A= 0.5 (b), 0=0.2, f=5.0, 2=0.2 (c), 0=2, p=5.0,2=1.0 (d).

of the GB-S distribution. The skewness and
kurtosis of the distribution is calculated from
the ordinary moments given in equation (13)
using well-known relationships where ,u'r are
numerically obtainable from some common
statistical software such as SAS (Guad
function). Figure 3 illustrates the graphical
representations of skewness and kurtosis
indicating that both are regarded as increasing
functions of a, € and 4.

The lifetimes of all the sampling units may
not be observable, due to censoring which are
present in the data. Now, let us consider the case
that the minimum lifetime of all the competing
causes is not completely observed and is
subject to right censoring. Let Cj represents
the censoring time. Then, we observe d; =I(Ti

<(Cj)and t;j=min{Tj, C;j }, where 6; =1 if Ti is
the observed time to the event defined before
and o; = 0 if it 1s correctly censored fori=1, ..
., n. Considering y = (a,  ,A)T as the parameter
vector of the distribution function of the time-
to-event, the observed likelihood function
under non-informative right censoring based
on n pairs of times and censoring indicators (z,,
0,), ... (tn, on) 1s as follows:

L(0.d) o HI:fPOP (t; 99&)]5[ |:SPOP (s 97&)]1_51
i=1
(14)
Where, S,,.(t) and f, .(t;) were defined in

equations (6) and (7), respectively.’*® In most
of the medical studies, the lifetimes are usually
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Figure 3. The skewness and kurtosis of the GGB-S distribution as functions of a for some values of 6.

influenced by explanatory variables such as
the sex, age, blood pressure and the like. The
parameter 6 in equation (6) is now linked to a
vector Xj of explanatory variables by assuming
a logistic link, log(p/(1-pg)=X; Mi=1,...n

as follows:

where (1 - np)

d) [-5.0,2-05, 8-0.0
— —— 50405603
600 - _— — p50,2-05,6-06
e = 5.02-05,6-08
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o
T
e exp(Xl. 77) s
Poi = T X'\ (15)
+ EXp i

denotes the vector of

regression coefficients. However, we consider
o = (v, 1) as the vector of model parameters.
By substituting equations (6) and (7) into
equation (14), and the use of equation (15), the
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log-likelihood function is given below:

o i) o)
{]_[I_ﬂ;;)] {-;H;I—m’}]}
Pl

(16)

The obtained equation cannot be analytically
solved. Thus, statistical software should be
used to solve them numerically. The model
parameters are derived by the numerical
maximization of the log-likelithood function
obtained from equation (16) by using the
SAS university software. The computational
program is available from the authors upon
request. We can use iterative techniques such
as a quasi-Newton method to calculate the
estimate @ .}!

Under suitable regularity conditions, the
inference procedures for ® = (y', n")" are based
on the multivariate normal approximation*

(V,fy ) ~MVNP+3((7T T)T,z(a))),

“ exp X' exp X’
+y
, 1+axp X 17 +exp XT

Where, covariance matrix Y (@) is estimated
at w=a . In other words, the information
matrix is as follows:

N

-1

(19)

Different models may be compared by
penalizing over-fitting using the Akaike
information criterion (4/C) and the Schwartz
Bayesian criterion (SBC). Among all of

the competing models, the model with the
smallest value for any of these criteria is
taken as the preferred model for describing
the given data set.

Results

Simulation study

In the present study, the model was proposed
based on the GGB-S distribution for the event
times (T) by considering the parameters o = 2,
S=10 and A= (0.3, 0.5). Single binary covariate
x was considered with the values drawn from a
Bernoulli distribution with a parameter of 0.5.
For each individual i, i=1,...,n, the number of
causes (N) of the event of interest for the i*
individual was generated from the Geometric
distribution with parameter

(1_01') =Poi = eXp(ﬂo +771xi)/

(1 + exp(no +1,x, ))

,=0 and ] = -1 were considered so that the
cured fraction for the two levels of X, involves

p(()o) =0.62and p(()]) = (.38 ,respectively.

The censoring times were selected from the
uniform distribution on the interval (0, 1),
where t was adjusted in order to control the
proportion of censored observations. The
proportion of censored observations equaled
to on average 50%.

The sample sizes of 50, 100, 500 and 1000
were selected in this study. For each setup, we
calculated the mean of maximum(ol)ikelihoold
estimates of the cured fraction ( Py and Do

, standard deviations (SD) and square root of
mean square errors (SRMSE) of the maximum
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Table 1. Means for maximum likelihood estimates, standard deviation (SD) and square root of mean square error

(RMSE) of cured fractions for the simulated data of GGB-S cure rate model.

(0)

(1)

Dy Do
MEAN SD SRMSE MEAN SD SRMSE
=03 50 0.643 0.095 0.098 0.402 0.091 0.094
100 0.639 0.065 0.068 0.402 0.063 0.067
500 0.620 0.029 0.029 0.401 0.029 0.036
1000 0.620 0.021 0.021 0.400 0.020 0.028
[=0.5 50 0.615 0.096 0.096 0.359 0.091 0.094
100 0.617 0.069 0.069 0.362 0.062 0.064
500 0.620 0.032 0.032 0.370 0.029 0.031
1000 0.620 0.022 0.022 0.374 0.021 0.022

likelihood estimates  for 1000 conducted
simulations. Table 1 indicates the results for
the simulated data of GGB-S cure models.
Based on the results, an increase in the sample
size resulted in approaching the average of
maximum likelthood estimates to the true
values of cured fraction and decreasing the
SDs and SRMSEs.

Application

An example employing the modeling approach
was presented in Section 2. The data set
includes 205 patients observed after the
operation for removing malignant melanoma
during a follow-up period of 15 years. These
data are available in the “timereg” package
in R (Scheike, 2009). The observed time (T)
ranges from 10 to 5565 days (during 0.0274-
15.25 years, with Mean+SD of 5.9+£3.1 years)
and refers to the time until the patient’s death
or the censoring time. The patients who died
from other causes and those who were still
alive at the end of the study were censored
observations (72%). Ulceration status (x,)

(absent, n=115; present, n=90) and tumor
thickness (x,) (M=2.9242.96 mm) were
regarded as covariates.

Figure 4 illustrates the Kaplan-Meier estimate
of the surviving function. The flat line
above 0.6 indicates that the models ignoring
the possibility of cure are not regarded as
appropriate choices for analyzing the data set.
In the next step, the mixture GB-S was fitted
with p, . Table 2 represents the maximum
likelihood estimates of the coefficients as
well as AIC and SBC selection criteria In
addition, the maximum likelihood estimates
of the models coefficients based on the results
of Cancho,* and AIC and SBC selection
criteria based on the method of Hashimoto,*
Cordeiroa?® and Meshkat*” were calculated
in this data set. Regarding both criteria, the
GGB-S model was preferred and was selected
as the appropriate model in the present study.

As shown in Figure 5, the QQ plot of the
normalized randomized quantile residuals from
Dunn and Smyth* and Rigby & Stasinopoulos®*
suggests that the GGB-S model has yielded a
good fit.
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In order to compare the nested models, used o )
Product-Limit Survival Estimate

for comparing the GGB-S and GB-S models, 1.0 e coed
the maximum values of log-likelihoods are -

computed to obtain the likelihood ratio (LR) Z

statistics for testing H,:A=0.5 versus H :A#0.5. g 06

Based on the results, the null hypothesis is % -

rejected (p=0.021). s

Asitisevident from Table 2, the thickness and G

ulceration as covariates played a significant 0.0

role in the reduction of the cured fraction. 0 5 ‘ 15

10
Time (Year)
Figure 4. Kaplan—-Meier estimate of the surviving function

Comparin atients with and without
P g P to the melanoma.

ulceration, the odds ratio of the cured fraction
was estimated as e’*=4.24. The estimate
can be easily computed from Table 2, due
to the parameterization of the cured fraction.
Table 2 indicates the maximum likelihood
estimates of the coefficients as well as AIC
and SBC selection criteria. Based on both
criteria, the GGB-S model was selected a as 3L

the best model. 2 2 Normal(0_T}quantiss
Figure 5. QQ plot of the normalized randomized quantile
residuals with the identity line under the GGB-S model to
melanoma.

Normalized randomized
quantiles residuals

T T
3

Table 2. Maximum likelihood estimates for the parameters (SD) of the GGB-S model with the cure rate fitted to the melanoma data set.

Estimate Statistics
Model
a b A T]intercept Mthickness Nulceration AIC SBC
MB-S 1.312 6.442 ) 2421 -0.956 -1.331 4309 4475
(Cancho G,2012) (0.201) (1.565) (0.763) (0.556) (0.821) ’ ’
GB-S 1.357 10.091 ) 1.257 -0.168 -1.422 4267 4433
(Cancho G,2012) (0.560) (3.437) (0.586) (0.053) (0.353) ' ’
PB-S . 1.336 8.195 ) 1.316 -0.110 -1.216 4282 4448
(Hashimoto EM,2014) (0.162) (1.999) (0.313) (0.034) (0.301)
NBB-S' 1.352 10.064 1.261 0.167 1.415
Cordeiroa GM,2012 : : - : e e
( ) (0.074) (3.334) (0.331) (0.067) (0.562) 4286 448.6
PGB-S 0.011 6.905 0.005 1.580 -0.112 -1.171 4269 450.2
(Meshkat M,2018) (0.071) (3.119) (0.033) (0.444) (0.036) (0.306) ’ ’
MGB-S 0.793 6.369 0.329 2.389 -0.917 -1.349
(0.113) (1.812) (0.178) (1.055) (0.922) (1.021) 4303 446.9
GGB-S 0.0010 7.765 0.0005 1.432 -0.179 -1.445 4238 4433

(0.0002)  (2408)  (0.0003)  (0419)  (0.056)  (0.338)

“The estimated value of the parameter in the negative binomial distribution is 1.034.
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Discussion

We usually deal with the presence of cure
fraction and covariates, especially in medical
applications, in order to analyze the lifetime
data. The Birnbaum-Saunders distribution has
been extensively used for modeling the fatigue
lifetimes in different fields such as medical
sciences, biological studies, engineering
and insurance. The generalized Birnbaum-—
Saunders (GB-S) distribution is regarded as
a highly flexible lifetime model which allows
for different values of kurtosis and asymmetry.
In addition, it includes unimodality and
bimodality introduced by Owen.’

In the present study, a GGB-S model was
proposed for analyzing survival data with
cure fraction, and was considered as a latent
competing cause for the scenario with cure
fraction. For this purpose, a four-parameter
continuous model called "the GGB-S
distribution" was introduced as the extension
of the GB-S distribution. A mathematical
relationship is available among the GB-S cure
rate model the mixture cure rate model,'>!* and
the GGB-S distribution. Hence, the proposed
cure rate model involves the structure of the
mixture cure rate model, and the GGB-S
distribution represents the distribution related
to the individuals at risk.

The quasi-Newton and Nelder-Mead methods
(we can use option TECH in PROC NLP of
SAS) were utilized to obtain the maximum
likelihood  estimates and  accordingly
asymptotic tests were performed for the
parameters. The interpretation of the covariates
is straightforward due to the parameterization
of the cure fraction. By considering the
advantages of the GGB-S model, the model can
be implemented as an appropriate alternative

to explain or predict the survival time for long-
term individuals.

Conclusion

To compared to other models , Geometric
Generalized Birnbaum—Saunders distribution
is a highly flexible lifetime model but in cases
where the sample size is not enough, it is better
to use Bayesian models. Also, we suggest to
use other different types of Birman Saunders
distribution.
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Supplementary Material

Lemma 1. The pmf of the beta-geometric distribution is:

B(a+1,y+y-1)

B(a,y) ry = 1; 2; 3;

P(y,a,y) =

Proof:
1
P(y,a,v)=g») = [, P(Y = ylp)f(ploy)dp
1 a-1 -1
L _p (A -p)Y
= 1—p)Y1x
fo p(1—p) B(a,y)
B flpa+1—1(1 _ p)y+y—1—1
= dp
0 B(a,y)
_ flpa+1—1(1 _ p)y+y—1—1 y B(a + 1,)/ + Y — 1)
0 B(a,y) Bla+1,y+y—-1)
_Ba+tiyt+y-1 flp"‘“‘l(l —p)
B B(a,y) o Bla+ly+y—-1)
_Bla+lLy+y-1)
B(a,y) ;y )&y
ﬂH:f[l — 7 +r0)]

» ,v=1,2, ...
[T i+r0]

1 .
where 7=—%—  and 0=—— are interpreted as the mean parameter and the shape parameter,
a+y a+y

respectively.

dp

P(Y =y,r,0)=

Proposition 1. If X and Y are any two random variables, then
EX)=E(E(X|Y)) and Var (X)=E(Var(X/Y))+Var(E(X/Y))
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Lemma 2. Let Y be a random variable that follows a beta-geometric distribution, with parameter

a, > 0. Then its mean is given by:

__Bla-1y) _ _ a+y-1
E(Y) = 5y = el for a>1.
Proof:
E(Y) =EEY|p))
=E (l) since E(Y|p)=l
p/’ p
11
= f —f(p)dp,
Olp a—-1 -1
1 —(1- -
_ f 1. r7ad-p dp,
o P B(a,y)
_ flp“‘l‘lu —p)'' Bl@—1y)
0 . B(a,y) B(a—1,y)
a-1-1(1 _ ,)r-1
o j 14 (1-p) dp
0 B(a - 1) ]/)
Since

1,,a—1-1 1-— y—-1
f p (1-p) dp=1
0

B(a—1,y)

the mean of the beta-geometric model is:
B(a—1,y)

B(a,y)
The rest of the proof is obtained as follows:

Fla—1DTI(y) T(a)T(y)
E(Y) = lMa—1+7y) N I'a+vy)
[a—-DI'y) Tlaty)
Fla+y—-1) T(@I'Qy)
Fla—1DTI(y) (a+y—Dl(a+y—1)
la+y-1 . (a-Dl(a-DIQy)

E(Y) =

a+y-1
= oa > 1.

a—1

P,
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Lemma 3. Let Y be a random variable that follows a beta-geometric distribution, with parameter
a,y > 0. Then its variance is given by:

_ay(at+y-1) n(1-m)(1-0)
Var(y) = (a=1)2(a-2) (T—0)2(7—20)

,form > 260,a > 2.

Proof:
The variance of Y can be expressed as:
Var(Y) = E(Var(Y|p)) + Var(E(Y|p).
1-p 1
= E(p_z) + Var(;).
We have

1-— 1 1-— a-1 1— y—-1
E( zp)=J PP d-p)

p o P B(a,v)
_ jlpa—z—l(l _ p)y+1—1 dp

0 B(aly)
_ flp“‘z‘l(l - Bla-2y+1
0 B(a,y) Bla—2,y+1)
_Bla-2y+1 riptA-pr

B(a,y) X o Bla—=2y+1) dp
_ Bla-2y+1)
B(a,y)
_ Blat+y-1)
T (a-1)(a-2)
2
1 1\2 1
var ()= £ ()" - ()
Wy pta-prt
wow £(2) = [[(3) x d
p o \P B(a,y)
_ flp“‘z‘l(l -’ Bl@-2y
0 B(CK,]/) B(a—Z,y)
B(a—2,y) tp= 211 —pyrt
Be-tn) | @
B(CK,]/) 0 B(CK-Z,]/)
_Bla—2y)
B(a,v)

_ F@a=2)T(y)  T@TI{y)

Fl@a—2+y) T(a+y)
_Ta-2)T@y) (e+y—-Da+y—-2)l(a+y—2)

T Taty—2)  (@-D(a-2)@-2)rqy)
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1 2 _ (a+y-1D)(a+y-2) (1-m)(1-26)
Sowe get, E(p) T (e-D(a-2) (m—0)(m-26)

The variance of 1/p is now :

varam =5 (2) - (£(2))

_(aty-Dla+y—-2) a+y-—-1

(a—1)(a—-2) a—1 )’
_(@a-Dx(a+y-Da+y-2) (@-2)x(a+y—-1)°
T (@-Dx(@-D@-2) = (a-2)x(a-1)2

_(a-D@@+y-D@a+y-2)—(a-2)x (a +y—1)°

- CEDECED

_(a+y—1)((a—1)(a+y—2)—(a—2)(a+y—1))
(a =1)?(a—2)

_(a+y-D@y-y)  yl@+y-1)
- (@-D%*a-2)  (@-1D*(a-2)

1) _ y(a+y-1)
Thus Var (p) = @’ ® > 2.

Finally, by substitution we get

Var(Y) = % which after re-parametrization takes the form
n(1-m)(1-6)

Var(Y) = (1—0)2(1—20)

, T > 26 the proof of lemma 2.
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