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ABSTRACT

Introduction: In area level small area estimation (SAE) (Fay-Herriot and extension of it in spatial structure) sampling
variances are assumed to be known. That is a powerful assumption and may be quite restrictive in some applications. The
main in this field is the estimation of sampling variances for the small area parameters, which is necessary for obtaining
reliable estimates and for evaluating the precision of the estimates.

Methods: The main objective of this article is to review some of the commonly used sampling variance estimation methods
in area level of SAE. Information used to write this paper was collected from the sources of Google scholar, Scopus, MEDLINE
and Web of Science and Hand searches of the references of retrieved literature.

Results: In the context of small area estimation, sampling variance estimation methods at the area level can be broadly
classified into six categories: Direct Sampling Variance Estimator, Design-Based Variance Estimator, Generalized Variance
Function, Model-based, Empirical Bayes and Extended methods.

Conclusion: According to the reviewed studies, no method can be reported as the best method for estimating the sampling
variance in all conditions. Because each method needs different information, and on the other hand, simulation studies are
needed to compare the methods.
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INTRODUCTION

mall area estimation (SAE) methods have been popularized due to the increasing demand for

reliable estimates for small areas. Small area estimation (SAE) is a statistical technique used

to estimate parameters in areas where direct estimation is difficult due to insufficient sample
size. In SAE, the aim is to obtain accurate estimates for small areas by combining information from
the sample and auxiliary sources."?

However, lots of the popularity and utility of SAE methods can be ascribed to the model-based
techniques which are now in wide utilization and have been extended in the past three decades.
When area-level summary of ancillary variable exists, we can beneficially use area-level models. A
fundamental area-level model was first suggested by Fay III and Herriot in 1979.%¢

Suppose that we have M areas in the population and only m areas are sampled. The SAE by the
Fay—Herriot model has the following linear form:

b =Brbyite  i=l.m (D)

In this model él, = g()%_) where ﬁ is the direct estimator of the small area mean in area i, bi's are
known positive constants (typically assumed to be b .= 1), f = (Bl,...,Bp)T is the p x 1 vector of
regression coefficients. Moreover, v,'s are area-specific random effects assumed to be independent and
identically distributed (iid) as N(0,6 ) withE_(v,)=0, V_(v.)=0c?(=0), Where E_ and V_ denote
the model expectation and variance, respectively. e's are independent sampling error with distribution
of N(0,¥,), where sampling variances ¥.'s are assumed to be known. Also, v/'s and e's are assumed to
be independent.'

In numerous practical applications, data from neighbouring small areas present spatial correlation.>
6.7 More recently, an extension of the Fay—Herriot model through the Simultaneously Auto-Regressive
(SAR) process has been considered. The model has the form (1) except that v be the result of a SAR
process with unknown autoregression parameter p and proximity matrix W.*° Then v can be expressed
as v=(I_-pW)'u. Here, u=(u,,...,u )" has mean 0 and covariance matrix 6 * I , where I _denotes the m

x m identity matrix and ¢ * is an unknown parameter.”®

The conditional auto-regressive (CAR) structure is also a popular choice and in some papers the
SAR structure is more common than the CAR.°

Also, Mehrabi et. al. (2020) proposed the exponential model in the Mat ern function.

The model has the form (1) except that v is the vector by using an exponential model

p(d)=exp(-d) (2)
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(where d and p(.) are the distance between two areas and correlation function, respectively.) in the
Mat'ern function as follows:

V= (Vg 0, Vi) ~MVN(0,S), €;~(0,%;), s;j = 02p(dyj),i,j = 1.2,..m (3)

where S is a variance-covariance matrix with elements S, and correlation function p(.); an isotropic
correlation function that decays as the Euclidean distance dij= L. - 1j || between two individuals
increases. In the exponential model p(.) has the form describe by (2). Also, v, ’s and ¢, ’s are assumed
to be independent.® 1

In area level SAE (Fay—Herriot and extension of it in spatial structure) sampling variances ¥ 1i's are
assumed to be known. That is a powerful assumption and may be quite restrictive in some applications."
2.5.¢ The main in this field is the estimation of sampling variances for the small area parameters, which
is necessary for obtaining reliable estimates and for evaluating the precision of the estimates. Over the
years, various sampling variance estimation methods for SAE have been proposed. The main objective
of this article is to review some of the commonly used sampling variance estimation methods in area
level of SAE.

METHODS

This narrative review study was conducted with the aim of investigating some common methods of
sampling variance estimation at the level of the SAE area.

This research is the result of a research project approved by the research center for Social Determinants
of Health and has an ethical code IR_.SEMUMS.REC.1401.318.

Information used to write this paper was collected from the sources listed in table 1. Studies that met
all the inclusion criteria (1. In particular, it has dealt with the estimation of sampling variance in small
area estimation, 2. Access to the full text is possible) and 3. in any languages until March 2025 and
did not meet any of the exclusion criteria (Lack of access to the full text) were included in the review.

Table 1. Sources Used for This Overview

Google scholar, Scopus, MEDLINE and Web of Science SEARCH til 2023 Key words: Sampling Variance, Area
Level, Fay-Herriot, Spatial Structure, Estimation, Small Area, Mean Square Error.

Hand searches of the references of retrieved literature

Application of Methodology

In the context of small area estimation, sampling variance estimation methods at the area level can
be broadly classified into six categories:
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Direct Sampling Variance Estimator

The first method is the direct sampling variance estimator, discussed by Sarndal et al. (1992), which
involves the computation of the sample variance of the data used to estimate the small area parameter.
This method can be highly variable and requires assumptions to be made about the distribution of the
data.Z, 4-6,11, 12

Design-Based Variance Estimator

The Second method is the design-based variance estimator, which assumes that the sampling
design is known and specifies a variance formula based on the design parameters. This method (e.g.,
jackknife, balanced repeated replication, etc by vide Wolter, 1985 ) is robust to assumptions about the
distribution of the data, although it may not account for complex sampling designs.>* ¢ 1315

Hernéndez et. al. in 2008 described a two-stage bootstrap method as well as a two-stage jackknife
method to estimate variances of small area estimators of totals and rates in the SPANISH LABOUR
FORCE SURVEY.' Pratesi and Salvati (2008) in the SAR model estimated the sampling variances
through a Jackknife procedure.'” On the other hand, You and Hidiroglou (2012) particularly studied
the design effects methods for sampling variance smoothing for proportions.'®

Generalized Variance Function (GVF)

The third method is the Generalized Variance Function (GVF) method which is based on the concept
of the generalized variance function. This method can be used for nonlinear models and does not
require prior information. However, it is computationally intensive and might be challenging to
implement for large datasets.

The GVFs take on one of the forms in Table 2. ("We show the GVFs in terms of the variance,
whereas Wolter (2007) gives them in terms of the relative variance".'”) In that Y is the expectation of
our estimator (such as mean , total etc...) and to estimate parameters such as o and 3, we use a natural
fitting methodology, namely ordinary least squares.'

Table 2. Generalized Variance Function MODELS

GVF Models
I vY?
I a+pY
Lii a+BY +vyY?
Iv (a+p/Y)!
A% (o +B/Y +y/Y?)!
Vi aY?

Note that for the poverty rates, which are proportions, the usual binomial distribution theory suggests
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a model of the form
a+BY +yY?

With a=0and y=-f for GVF and Y is the expectation of our estimator (poverty rates).'*>

Valliant (1987) connected use of a generalized variance function (GVF) with sample design by
showing that a commonly used GVF is consistent with a particular class of prediction models for
estimating totals from stratified, two-stage cluster samples.”® Additional papers on GVF modeling
of direct variance estimates include Huff, Eltinge, and Gershunskaya (2002), Cho et al. (2002), and
Eltinge, Cho, and Hinrichs (2002) Shiferaw Y, Galpin J (2016).**

Mohadjer et al. (2012) similarly use a GVF to produce variance estimates for use in an area level
model (for estimating proportions), assuming the following model

V.
log (p—) = 1o + 11 10g(Ba) + 1 log(1 — o) + n log(na) + &,
a

Where £ ~N(0,5,%) and 5, denotes a predictor of p;’ based on a model dependent solely on auxiliary
covariate information and not explicitly on any direct estimates.*®

For sampling variance smoothing, you (2021) used a log-linear regression model on the direct
sampling variance ¥, as suggested in You and Hidiroglou (2012), and the smoothing model is defined
as:

log(¥, )=n,+n, logn)+e¢, i=1,..,m

where the model error term is £~N(0, =), and " in unknown. Let fj, and 1}, denote the ordinary
least square estimates of the regression coefficients n, and 11, and X be the of the log-linear regression
model.""** Therefore, a smoothed estimator of the sampling variance ¥, can be obtained as

Maples (2016) similarly proposed a GVF for producing variance estimates based on estimating the
design effect using additional information about any unequal weighting or clustering in the sampling
procedure.’” ** Moreover, the findings imply that estimating sampling error variances using GVF
models can be a very useful strategy in the application of Empirical Best Linear Unbiased Prediction
(EBLUP) small area estimation, most particularly in poverty incidence estimation.*!

Model-based

Model-based method is the fourth method. In this method, the sampling variance of the small area
parameters is estimated using a model-based approach that relies on a statistical model to predict
the small area parameters. The model can include both area-specific and household-level covariates
that are related to the small area parameter of interest. The variance of the small area parameter is
then estimated using the standard errors of the estimated model coefficients, as well as the residual
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variance. This method is flexible and can be applied to a wide range of small area parameters, but it
requires a considerable amount of expertise to specify and estimate the appropriate statistical model
and may not be reliable.*

Following Arora and Lahiri (1997) and Battese et. al. (1988) and Wang and Fuller (2003) and You
and Chapman (2006), the estimators Qiz assumed to have distributed via

diSf
~ 4
v, Xdi 4)

where d =n, - 1 and n, is the sample size for the i 'th area.'* >

You and Chapman (2006) analyzed an essentially similar area level model to that used by Arora and
Lahiri (1997), applying it also to their data, as well as to small area data on amount of land planted
with corn and soybeans taken from the paper of Battese, Harter, and Fuller (1988). You and Chapman
(2006) provided results both for the above model and for a model that assumed the §i2 were equal
to the W,. Comparing posterior standard deviations or coefficients of variation for the two models
showed, for the corn and soybean example, substantially larger uncertainty surrounding the small area
predictions from the model with the vi assumed unknown, but, for the milk consumption example,
almost identical results for the two models. The latter result was due to the large small area sample

sizes for that example, while for the corn and soybean example the small area samples were quite
small. 143233

Kleffe and Rao (1992), used an area level model with direct sampling error variance estimates
assumed unbiased, independent of the direct survey point estimates, and distributed proportional to a
chi-squared random variable with known degrees of freedom.*

We can also model the sampling variance indirectly in the sense that the sampling variance can be
expressed as a function of small area parameters or design effects. For example, You and Rao (2002)
proposed a log-linear unmatched model with the sampling variance written as . as W¥.=02. (cv)?,
where 0, is the unknown small area mean of interest and cvi is the smoothed coefficient of variation
(CV). In applications, the smoothed CV can be obtained over time series data for a given local area,
as shown in the small area unemployment rate estimation of You, Rao and Gambino (2003). If the
parameter of interest is proportion or rate, we can model the sampling variance using smoothed design
effects as ¥, = 0. (1-0. ).deff/n, where deff is a known design effect for a given area and n_i is the small
area sample size (e.g.,You, 2008; Liu, Lahiri and Kalton, 2014)(37-41). Hawala and Lahiri (2018)
also, proposed a similar GVF for count data.>*

Empirical Bayes

Empirical Bayes method is the fifth method. In this method, the sampling variance of the small area
parameters is estimated using an empirical Bayes approach that borrows strength from neighbouring
areas. Under this approach, the small area parameters are modeled as a combination of a random area
effect and a fixed effect that is common to all areas. It is usually assumed that the area-specific random
effect follows a normal distribution with a mean of zero and an unknown variance. The variance is
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then estimated using the empirical Bayes approach that estimates the variance based on the variability
of the random effects across neighbouring areas.’

Otto and Bell (1995) developed a model with state random effects for sampling covariance matrices
of Current Population Survey's estimated poverty ratios. This model provides for a Bayesian or
empirical Bayes smoothing of the direct sampling variance estimates.”

Arora and Lahiri (1997) viewed a Bayesian extension of the small area model due to Kleffe and
Rao (1992).% They then developed a Gibbs sampling scheme to make Bayesian inferences for the
model. The model is related to that of Otto and Bell (1995), though with a much simpler model for the
sampling variances.'* >

Bell (1995) investigated time series models with sampling error components, with the sampling
error variances treated as unknown. A Bayesian approach was implemented via accept/reject sampling
and used to produce posterior means and variances of the time series components, a prediction
problem analogous to small area estimation. In the application considered the sampling errors were
approximately uncorrelated over time, and were assumed to have constant relative variance over time,
with logarithms taken of the time series so the relative variance was taken as an approximation to
the sampling variance in the log scale. Thus, the sampling variances depended on this one unknown
parameter, of which multiple estimates were available.*

Nguyen, Bell, and Gomish (2002) applied a similar modeling approach to an application for which
the sampling errors did not appear uncorrelated over time (a second order autoregressive model was
used), and for which the sampling relvariances varied over time due to sample size fluctuations.*

Fay and Herriot (1979) and Rao (2003) construct HB models spatial structure under the assumption
that the sampling variance ¥, are assumed known and replaced by the smoothed estimate ‘i’i.l* 3
Gershunskaya and Lahiri (2005) developed simple models for design-based variance estimates or
their logarithms that permitted empirical Bayes smoothing of the variance estimates. They found the
resulting variance estimates had low bias and were much more stable than the design-based variances.*
You and Chapman (2006) also have shown that the posterior estimates and the corresponding CVs are
stable and not sensitive to the choice of parameters in the vague proper priors.*?

The model of You and Chapman (2006) in which an inverse gamma model is used for the sampling
variance ¥, with known vague parameter values.

yilei,qu~ ind N(ei,l‘pi), = 1, ool 1015 (5)
diSizllpi""ind l‘pixéi,di =n; — 1, i= 1, ) 0015 (6)
0;|B, 02~ind N(x{B,02), i=1, ..., m; (7)
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m(¥;)~IG(a;, b;), where a; = 0.0001,b; = 0.0001, i (8)

Flat priors for unknown parameters: n(g) « 1, m(c2) o 1 . The full conditional distributions for the
Gibbs sampling procedure under both FH-HB and YCM can be found in You and Chapman (2006).*?

Hwang et al. (2009) and Dass et al. (2012) noted that assuming a common prior for ¥ i for all areas
i could induce shrinkage in the resulting variance estimates and produce improved interval estimates
for the parameters of interest.*> 7 The shrinkage estimator of variances in Hwang et al. (2009) is a
function of S* only, and not of both Xi and S* . Thus, the shortcomings of their method are as follows:

(1) sampling variance estimation is independent of means; (i1) inference on means does not take into
account the full uncertainty in variance estimation; and (iii) their model does not include any covariate

information.*

Goémez-Rubio and You Y, Zhou (2011) showed that gamma as a prior distribution for each one of the
variances ( in CAR structure) was related to give vague prior information and let the model learn from
the data, they used small values for the parameters of the gamma distribution.'"- 2

You (2016) Log-linear model on sampling variances, denoted as YLLM used (5), (6) and (7) and
then

8ilB, o¢~ind N(xi{B,0%), i=1,..,m;

log(¥;) ~N(8; + 8,1log(n;),t2), i=1,..,m;

Flat priors for unknown parameters: m(B) « 1,1(8;,8,) « 1, m(c2) « 1, m(t?) « 1.

Note that model YLLM uses a log-linear model for the sampling variance ¥,,and extends the model
proposed by Souza, Moura and Migon (2009) for sampling variances by using log(n.) and adding a
random effect to the regression part in the model.****

For sampling variance modeling, the HB models of You (2016) and Sugasawa, Tamae and Kubokawa
(2017) perform equally well to improve the direct survey estimates. In this vein, Sugasawa et al.
(2017) explore different priors for the sampling variances ¥,, adopting a fully Bayesian approach to
estimation.” %

Polettini (2017) induces shrinkage for the sampling variance estimates using a semiparametric
Dirichlet process model with random variances.™
Gharde et. al. (2012) used the SAR Model in hierarchical bayes framework such that:

y“lB + Vi, ‘Pi~ind N(X{]B + Vi, lpi), i= 1, ...,m,j = 1, I

(%)~

u
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Where G=c* [(I - pW) (I - pW)']" and n, is the sample size for the i 'th area.
Assuming prior distribution for parameters are as

B~N_ (0, C),
¥ ~1G(a, b,) andc’~I1G(a,b)

Full conditional distribution of the sampling variance for the Gibbs sampler is as follows:

(1B, v, 02, Y)~IG[a, + g,bo + % [Y = (XB+Zv)]'[Y — (XB + Zv)]]

They used sensitive analysis and show that as the prior become more informative, posterior variances
decrease.”!

Soltani-Kermanshahi et. al. at 2017 in the Bayes method,” assumed the distribution of HFE

(Household Food Expenditure) at area i to be N(y . ,'¥) Where y . assumed to be known but 1/¥ as
random with prior distribution

In which S?is the direct variance in area i.
Furthermore they calculated the posterior inverse variance as

n; 1 N2 at
ri|[y~Gamma (1 + El ,(Si2 + fz(y” = yl) ) )

and

1 7\2
yields lTJ _ Si2 + EZ(Yij - Y1)

' L}
1+5

Also Mehrabi et. al. at 2023 in the Exponential Spatial Structure of SAE used the recent model to
estimate the sampling variances in each area.’

Gao and Wakefield (2022), In order to account for variability in the estimated sampling variances,
proposed a hierarchical Bayesian spatial area level model that smooths both the estimated means and
sampling variances to produce point and interval estimates of small area proportions. Their model
explicitly targets estimation of small area proportions rather than means of continuous variables and
we consider examples of both moderate and low prevalence events. They demonstrate the performance
of their approach via simulation and application to vaccination coverage and HIV prevalence data
from the Demographic and Health Surveys.
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Extended methods

Maiti et al. (2014) assume the same variance sampling model (4) but adopt an empirical Bayes
approach, setting the prior
Y.~ 1G(r,s)

And estimating {r, s, 6 *} via maximum likelihood.>’

You and Chapman (2006) considered combined the sampling variance model (4) with the small area
model Fay-hariot to construct an integrated model. The integrated model borrows strength for small
area estimates and sampling variance estimates simultaneously. The integrated HB modeling approach
has thus been widely used in practice, for example, You (2008, 2016), Dass, Maiti, Ren and Sinha
(2012), Sugasawa, Tamae and Kubokawa (2017), Ghosh, Myung and Moura (2018), and Hidiroglou,
Beaumont and Yung (2019).2% 4749 3456

The GVF approaches described thus far treat the resulting variance estimates as known, so the
resulting Fay-Herriot estimates do not account for uncertainty in the variance model. Maples et al.
(2016) address this (Mohadjer et al. (2012)) by combining a GVF with a sampling model for the direct

variance estimates.?® 3

Particularly You (2008) used smoothed design effects over time to model the sampling variance.
Indirect modeling of sampling variance is actually a combination of smoothing and modeling.*’

Also, Maples et al. (2016) outline a resampling procedure for estimating degrees of freedom for their
variance sampling model (4).%

DISCUSSION

If the domain-specific sample size is not large enough to provide a direct and reliable estimate, a
domain or an area is referred to as "small".! Then the biggest difference between small area studies
and other studies was the inadequacy of samples in each area, but the rate of weakness was reduced
using the SAE method. Therefore, in this method, any increase in the precision of estimates is very
important. One of the things that increase the accuracy of the estimates is related to the high accuracy
in estimating the sampling variance of the Fay-Herriot (and extension of it in spatial structure) method
in area level small area. In our best knowledge, since there is no unique method for SV estimation,
further study is required. We reviewed some of the commonly used sampling variance estimation
methods in area level of SAE. According to the reviewed studies, no method can be reported as
the best method for estimating the sampling variance in all conditions. Because each method needs
different information, and on the other hand, simulation studies are needed to compare the methods
but in general, we compared the discussed methods in Table 3.
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Table 3. Pros And Cons of each Sampling Variance Estimation Methods in Area Level of Small Area Estimation

Methods Advantage Disadvantage
Direct Sampling Variance Simple calculation Highly variable and requires assumptions to be
Estimator made about the distribution of the data
Design-Based Variance ~ Robust to assumptions about the distribution of May not account for complex sampling
Estimator the data. designs.
Generalized Variance * Can be used for nonlinear models and does ~ Computationally intensive and might be
Function (GVF) not require prior information. challenging to implement for large datasets.

* Consistent with a particular class of
prediction models for estimating totals from
stratified, two-stage cluster samples.

Model-based Flexible and can be applied to a wide range of ~ Requires a considerable amount of expertise to
small area parameters specify and estimate the appropriate statistical
model and may not be reliable
Empirical Bayes * Stabilizes Variance Estimates * Increased Model Complexity and Risk of
* Improves Overall Model Performance Misspecification
 Handles Areas with Extremely Small » Computational Intensity
Sample Sizes * Sensitivity to Prior Distributions

» Can Reduce MSE of the Final Estimates

We found limited studies comparing some methods with simulation. For example:

1. Rivest and Vandal (2003) compared method (4) with different degrees of freedom and showed
that the improvements are more pronounced as the degrees of freedom gets small (they use a
minimum of 4).%

2. Gershunskaya and Lahiri (2005) examined alternative approaches to variance estimation for
domain estimates in the Current Employment Statistics (CES) survey. In a simulation study with
subsamples drawn from part of the CES sample they noted that design-based variance estimates have
low bias but are unstable (very high CVs), while a synthetic model-based variance estimator was more
stable but had substantial bias.*

3. Soltani-Kermanshahi, et. al. (2017) compared four methods in Fay-Herriot method and showed
that method (4) had approximately the best RRMSE (relative root mean square Error).’

4. Sugasawa, Tamae and Kubokawa (2017), in order to account for variability in the estimated
sampling variances, compared the proposed hierarchical Bayesian spatial area level model that
smooths both the estimated means and sampling variances to produce point and interval estimates of
small area proportions and through simulation, they have shown that inferences based on their model
can improve upon those based on a model that only incorporates smoothing of means.*

5. Mehrabi, et. al. (2023) compared four methods in the exponential structure of spatiality and

showed that (4) and direct methods, respectively and approximately had the smallest and the highest
Root Average Mean Square Errors (RAMSE) for all conditions.®
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CONCLUSION
According to the reviewed studies, no method can be reported as the best method for estimating

the sampling variance in all conditions. Because each method needs different information, and on the
other hand, simulation studies are needed to compare the methods.
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