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Introduction

Introduction: The growth curve are time dependece regression models which commonly are useful in
describing the rapid growth of total cases or deaths in a pandemic situation.

Methods: The Gompertz and logistic functions are useful to describe the growth curve of a population or any
time dependence variable such as metabolic rate, growth of tumors and total number of cases or deaths in a
pervasive disease. The logistics family of growth curve including logistic, SSlogistic, generalized logistic and
power logistic and Gompertz models were considered to describe the growth curve of total cases_per million
(t ¢ p_m) of COVID-19 in Iran during the 19-Feb-2020 to 28-May-2021. The models were fitted to data
using nls function in R and the fitting accuracy was evaluated using the numerical and graphical approaches.
Results: The logistic family and Gompertz growth curve were applied to fit the total _cases per million of
COVID-19 in Iran as the response versus the time in days as predictor variable. The training and testing
RMSE criterions were considered as the numerical criterions to assess the model accuracy. The growth curve
of fitted models was compared with the growth curve of observed data. Results indicated that the logistic and
Gompertz models provided a better description of target variable than the alternatives.

Conclusion: As results shown, the logistic and Gompertz models provided a better description of response
variable than the alternatives. Therefore, the logistic and Gompertz models are able to describe and forecast
the COVID-19 variables (including total cases, death, recovered and so on) very well.

of the most widespread pandemic disease in
human history.” The global spread of Covid-19

The coronavirus was firstly observed in
December 2019 in Wuhan city, Hubei
province, China' and rapidly was spread all
over the world. WHO officially named this fast
infection as COVID-19 on Feb 2020. It is one
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(occurred in more than 150 countries), led to
the announcement by the WHO in mid-March
2020 that COVID-19 was recognized as a
global pandemic.’ Up to July 2021, there were
approximately 190 million worldwide cases
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of this disease with 4570000 deaths (WHO,
2021).

The coronavirus belongs to the Coronaviridae
family, a large family of viruses that contains
3 genotypes of alpha, beta, and gamma and
according to reports, 7 species of them affecting
humans.*'*!"18 However, it is estimated 1/3 of
the common cold to be caused by coronaviridae
which almost all are unnamed types?
According to studies and reports the virus
SARS-COV-2 which causes COVID-19 is
transmitted directly and indirectly generally
through contact, droplets and aspirated with
a wide range of symptoms, mostly including
fever, cough, shortness of breath and death."
The mean of incubation period of SARS-COV-2
has been reported 4.8 to 9 days.*’Outbreaks of
the disease have led most countries to apply
quarantine conditions or to encourage social
distancing and to impose restrictions on the
size of the population to break the chain of
infection.?! Therefore, there is an urgent need
for the scientific community to take action to
assist governments in their efforts to control
and prevent the transmission of the virus.”
Studies of statistical patterns of the disease play
an important role in descriptive epidemiology.
Various studies have been conducted on
modeling COVID-19 data and its related
variables. In this regard, many authors have
used mathematical and statistical models to
describe variables related to COVID-19 and
explore the behavior of this virus.! Moreover,
several authors have applied time series models
to forecast the confirmed and recovered cases
and death rate of COVID-19,>7 COVID-19
pandemic’ and transmission.® The copula
function was also considered>!” to investigate
dependence structure between COVID-19
variables and environment.

Further analysis has been regarded by using the

binary logistic model'*" to predict and classify
the COVID-19 data set. In addition to this,
the Gompertz model was used to explore the
growth curve of population variables related to
this pandemic.'#'¢

The current study considers the various growth
curve including logistic family (logistic,
SSlogistic, generalized logistic power logistic)
and Gompertz models to explore the pattern of
the total cases per million (t ¢ p m) variable
of COVID-19 in Iran and then forecasts the
future values. Total cases per million is
defined as the number of confirmed cases per
million populations. To avoid large numerical
values and coefficients, the scaled version of
variable was considered which was obtained
by dividing the t ¢ p_m by 1000.

Methods

In present study we have used the growth
curve models to explore and forecast the
pattern of the t ¢ p m variable in Iran based
on the dataset which daily is collected by the
Ministry of Health and Medical Education of
Iran and reported by Our World in Data. The
data contains 465 daily reports of COVID-19
variables during the 19-Feb-2020 to 28-May-
2021. Due to the importance of total number
of confirmed cases of COVID-19 we have
considered this variable to model its growth
curve and forecasts its future values using
several growth models.

The logistic family of growth curve including,
logistic, SSlogistic, generalized logistic and
power logistic and also the Gompertz model
were applied to fitthet ¢ p m as the response
variable versus the time in days as the predictor
variable.

The logistics family of growth curve, are widely
used in modelling COVID-19 infection.” These
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models are useful for population studies which
their growth curve is generally S-shape. Theses
curves are used to describe various biological
processes but recently have been applied
in epidemiology for real-time prediction of
diseases.”? Different parameterization and
functional forms of logistic models have been
used by authors in literature. Through current
study we apply various form of these models.
Growth models review

Logistic

The logistic growth curve is defined as*

0,
f(:6,,6,,6,) = 912+93t >
1+e

(1)
where O, ©, and O, are real values and 7 is
the predictor variable. In current study, the
predictor variable ¢ is a counting variable that
indicates the time in days which commonly
starts at 1 continues until the end of the period.
However, in this work to obtain the initial

values of parameters easier, we cover the range
of 0 to 464 days.

Gompertz

The Gompertz model was introduced in
1825 by the actuary Benjamin Gompertz for
actuarial purposes to examine the patterns of
death across the life course not only in humans
but also in a wide range of other organisms.
However, recently, it was considered to model
infectious diseases by authors.?” Two different
types of Gompertz model were defined
according to the type of location parameter.?*
In type I, a single parameter controls the time
while in type II a single parameter controls the
starting value of the curve. The type I Gompertz
is a special case of generalized logistic model

while the type II is obtained from a different
re-parameterization. In present study, to avoid
similarity and using various models, we have
used a special case of type II Gompertz model
with the functional form?*

f (t;01,02,63) — gle—ﬁze’ﬂy’
(2)

where 6,0, and O, are real values and ¢ is the
independent variable.

SSLogistic

Aspecial case of three parameters logistic model
which is known as SSlogistic was defined and
applied for modeling growth curve® with the
following functional form

o,
f (t;91302593) = l_i_e(alzft)/a3 >

3)
where 6,0, and O, are real values and ¢ is the
predictor variable.

Generalized logistic

Generalized logistic is a four-parameters
logistic that is widely used as a flexible function
in modeling S-shape growth curves. This model
has the functional form as:*

. — 01
f(ta§’61’02’93’§)_ (1+§e(92—t)/03 )1/5 >

“)
where O, O, and O, are real values and & is
positive. The generalized logistic model reduces
to SSlogistic when £ =1 and converges to the
Gopmertz type I when & -0 .

In epidemiological application ©,, O, and O,
represent the final epidemic size, infection rate,

and lag phase, respectively.® The parameter &
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helps the function to be more flexible in fitting
complex curve, however, extra parameters
generally, results in overfitting and hence larger
error rate.

Power Logistic

The power logistic is another form of
generalized logistic which is obtained by using
a new parameterization. The functional form of
power logistic is defined as
[ :0.0,0.8) =
(1 +e )
)

where 6,0, and O, are real and & is positive

The power logistic is reduces to logistic model
when &=1 Generally, additional parameter
causes the model to be more flexible in fitting
curves.

In order to explore the role of each parameter
in the models, the growth curve of mentioned
models was provided for different values of
parameters in Figure 1.

Model accuracy

In statistics, several criterions such as mean
square error (MSE), root of mean square
error (RMSE), mean absolute error (MAE)
and Akaike information criterion (AIC) have

Logistic growth curve
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Figure 1. Models growth curve based on different values of parameters.
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been defined to evaluate model accuracy.
However, due to the analytical measures the
MSE and RMSE are preferred. In present
study, in addition to the graphical approach, we
applied the training RMSE and testing RMSE
as well as the AIC as the numerical criterion
to evaluate model accuracy and choose the
model that has the best performance in fitting
t ¢ p_m variable. The training data is a part
of data which is used for model construction
and estimating parameters and the testing data
is used for assessing the fitted models. The
RMSE and AIC are defined as

RMSE =

AIC =2k +nlog(RSS)

(6)
Where MSE =RSS /n Alower RMSE and AIC
indicates that the model has a better fitting and
lower error rate.

Results

Several growth models of logistic family and
Gompertz were applied to fit the growth curve
of t ¢ p m variable of COVID-19 in Iran.
To model this data, the variable t ¢ p m was
considered as the response and t, the time in
days, was considered as the predictor variable.
Since the data was collected over a period of 465
days, commonly the value of t ranges from 1 to
465. But to obtain more easily the initial values
of the parameters required for the convergence
of the regression models, the value of the
independent variable t was considered t = 0 for
the first day (here Feb, 19, 2020) and t=464 for
the last day. This is because the initial values of
the parameters can be easily calculated using t
=0 and t = 1 values and therefore considering
the independent variable starts from t = 0 can
be helpful.

In order to converge the regression function
faster and also to obtain a more accurate
estimate of the parameters, it is necessary
to consider appropriate initial values for the
parameters because the optimization functions
in R are sensitive to the initial values. Therefore,
to make the initial values easier to obtain, we
used a re-scaling on the independent variable t
such that the value of t = 0 was considered for
the first day (here Feb, 19, 2020) and t=464 for
the last day. This is because initial values based
ont=0 and t= 1 will be easily obtained.
Figure 2 illustrates the growth curve of the
t ¢ p m per 1000 as the response variable in
Iran over the study period. As it turns out, the
growth pattern is

asigmoidal (S-shaped) curve, so that non-linear
regression models with sigmoidal curve such
as logistics and Gompertz can be appropriate
candidates for fitting this growth curves.
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Figure 2. Growth curve of t ¢ p m variable in Iran
during the study period

For fitting this growth curve, five regression
models  including logistic, Gompertz,
SSlogistic, generalized logistics and power
logistic have been considered.
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The nls function in R package was used to fit
each of these models (see Appendix A).

However, in order to converge the models and
to estimate parameters correctly, the nls function
requires appropriate initial values for the
parameters. The nls function is very sensitive to
the initial value of parameters and a model does
not converge if the appropriate initial values of
parameters are not considered. The appropriate
initial values for the logistic parameters can be

obtained by 0. = 10g<91(0) /y(0)— 1) 01(0) = y (max)

and 0" = log(Hl‘O) /y(1)— 1) -0 where  y (max)
the maximum of the response variable and y (0)
and y (1) are values of the response variable
when t=0 and t=1 respectively. These initial
values can also be used for the Gompertz model
with some modifications. Once the models
were fitted, the RMSE criterion was used as the
numerical criterion to assess model accuracy.
Table 1 displays the training RMSE and AIC
values for each of the fitted models. As shown,
the Gompertz, logistic and SSlogistic models
have lower training RMSE than the alternatives
in describing t ¢ p m growth curve.

Table 1. Training RMSE and AIC values of fitted models

Model Training RMSE  Training AIC
Logistic 0.85 2710.905
Gompertz 0.76 2606.82
SSLogistic 0.86 2721.78
Generalized 17.28 5512.12
Logistic

Power Logistic  21.92 5733.32

For further analysis, the growth curve of fitted
models was provided versus the growth curve
of observed data and illustrated in Figure 3. As
shown, the logistic, SSlogistic and Gompertz
models have better description of target
variable than the alternatives. Despite different
functional form of logistic and SSlogistc, they

performed completely the same. However,
for further analysis we considered the logistic
model among these two due to the simpler
functional form and interpretation.

¥
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Figure 3. Graphical illustration of fitted models versus
observed growth curve

Discussion

Table 1 indicates that the Gompertz model
has lower training RMSE than the logistic,
therefore, based on this criterion it can be
concluded that the Gompertz model has better
performance in fitting t ¢ p_m response.
Further, by comparing the logistic and
Gompertz growth curve provided in Figure
3, it can be concluded that both curves are in
good agreement with the observation curve.
However, the logistics curve tends to continue
in the horizontal direction in forecasting future
values while the Gompertz model continues to
show an incremental model perpendicular to
the x-axis. To provide a better description of the
situation, the estimated curve and confidence
interval of the logistic and Gompertz regression
models are displayed in Figure 4.

As shown in Figure 4, the logistic curve grows
slowly and tend to construct a sigmoidal curve
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while the Gompertz model grows sharper than
the logistic curve. So, the logistic model has a
potential to under-estimate future values while
the Gompertz model has a potential to over-
estimate the future values. To explore this, the
testing criterions (error, RMSE) can be helpful.
Generally, both of the numerical (RMSE
and AIC) and graphical (Figure 4) evaluation
criteria indicate that the Gompertz and logistic
growth curves described the t ¢ p m variable
in Iran very well. Therefore, these models can
be good candidates for modeling any pandemic
infection in a regional or international scale.

The regression coefficients and p-values of
significant test of the parameters were provided
in Table 2. As shown, all parameters are
significant at the significance level of 95% so
that both models are significant and capable to
predict the growth curve of observed data.

The forecasting values and RMSE of testing
data (the scaled t ¢ p m for the next 10
days) are provided in Table 3 for the logistics
and Gompertz models. It can be seen that the
forecasted values of logistic model grow slowly
compared to the Gompertz model. However,
the Gompertz model estimated the observed

Logistic confidence region

_per_million

30000 40000 50000

total_case
20000

10000

0
1

0 100 200 300 400 500 600

r_million

_pe

total_case

Gompertz confidence regior

30000 40000 50000

20000

10000

0

Figure 4. Growth curve and confidence interval of logistic and Gompertz models

Table 2. Regression coefficients of the logistic and Gompertz models

Logistic Model

Parameters Estimates Std.Error t-value p-value
66.9603411 2.8777 23.27 2e-16 "
4.46266600 0.0247 180.24 2e-16 "
-0.0096369 0.00015 -61.60 2e-16 ™

Gompertz Model
395.8 60.90 6.499 2e-16 "
6.797 0.09542 71.230 2e-16""
0.00219 0.0001042 21.045 2e-16 "
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Table 3. Forecasting future values and testing RMSE and AIC using logistic and Gompertz models

Date Observed Logistic Gompertz
2021-05-29 34.55163 33.95073 34.31333
2021-05-30 34.68310 34.11201 34.49770
2021-05-31 34.81033 34.27326 34.68265
2021-06-01 34.94868 34.43447 34.86819
2021-06-02 35.06365 34.59564 35.05431
2021-06-03 35.17329 34.75675 35.31333
2021-06-03 35.24999 34.91781 35.42829
2021-06-04 35.31680 35.07880 35.61615
2021-06-05 35.37523 35.23972 35.80460
2021-06-06 35.48054 35.40055 35.99362
2021-06-07 35.60673 35.56130 36.18323

Testing RMSE - 1.48 0.56
Testing AIC - 41.00 19.62
values very well with the lower testing RMSE. References

Therefore, the testing criteria indicates that the
Gompertz model has a better description of
future values than the logistic model.

Conclusion

The current paper considered the logistic family
of growth curve including logistic, SSlogistic,
generalized logistic and power logistic and
Gompertz models to describe the scaled
total cases per million of COVID-19 in Iran
during the 19-Feb-2020 to 28-May-2021. As
the results shown, the Gompertz and logistic
models provided a better description of response
variable than the alternatives. Therefore, the
logistic and Gompertz models are able to
describe and forecast the COVID-19 variables
(including total cases, death, recovered and so
on) very well. However, the Gompertz model
has better description of t ¢ p m variable in
Iran than the logistic model.
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> blO=max (y)
> b20=log(b10/y[1]1-1)

>b30=1log (b10/y[2]1-1)-b20

trace=FALSE)

> summary (flogis)

> flogis=nls (y~bl/ (1l+exp (b2+b3*t)),start=1list (bl=bl0,b2=b20,b3=b30),
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